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ON THE IDEAL CLASS GROUPS OF IMAGINARY ABELIAN FIELDS
WITH SMALL CONDUCTOR

KUNIAKI HORIE AND HIROKO OGURA

ABSTRACT. Let k be any imaginary abelian field with conductor not exceeding
100, where an abelian field means a finite abelian extension over the rational
field Q contained in the complex field. Let C(k) denote the ideal class group
of k, C~(k) the kernel of the norm map from C(k) to the ideal class group
of the maximal real subfield of k,and f(k) the conductor of k; f(k) < 100.
Proving a preliminary result on 2-ranks of ideal class groups of certain imaginary
abelian fields, this paper determines the structure of the abelian group C~ (k)
and, under the condition that either [k : Q] < 23 or f(k) is not a prime
> 71, determines the structure of C(k).

We shall mean by an abelian field a finite abelian extension over the rational
field Q contained in the complex field C. For any abelian field &, let h(k)
denote the class number of k, C(k) the ideal class group of k, ry(k) the
2-rank of C(k), k* the maximal real subfield of k, Cir(k) the (group of)
circular units of k in the sense of Sinnott [14], Cir*(k) the group of real
elements of Cir(k), and Cir*(k) the group of totally positive elements of k*
in Cir(k); Cir*(k) C Cir*(k) = Cir(k) N k*. Furthermore, for each subfield
k' of k,let Ny denote the norm map from k to k’. Given any positive
integer m not congruent to 2 modulo 4, let K,, denote the cyclotomic field of
m-th roots of unity in C, namely, let

Km = Q(Cm) » where {,, = e?i/™,
In this paper, we shall first prove the following:

1. Let p and q be distinct prime numbers. Let K be an imaginary abelian
field with conductor a p-power, L an imaginary abelian field with conductor a
g-power, and t the number of distinct prime ideals dividing p of the composite
K*+*L*. Let 6 = 0 or 1 according as the degree [K* : Q] is odd or even.
Assume further that h(K*L*) is odd and that only a prime ideal of KL divides
q. Then

r2(KL+) > r2(K+L) +t—-0-1 if Cir*(K+L) gNKI_+/K+L+(KL+);

r2(KLY) <ry(K*L)+t—2  unless Cir*(K*L) CNgy+/k+1+(KL").
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Our proof of this assertion I is mainly based upon an algebraic interpretation
by Sinnott [14] of the analytic class number formula. Verifying

Cir" (Ki3(v/5)) € Ny i, (v3) (KsKiy)

and using some results in [4, 11, 12], such as A(K{;(v/5)) = 1 and A(KsK};)
= 2%, we shall next see from I that C (KsK7{;) is an elementary abelian 2-group
of rank 4.

Now, for any abelian field k, let f(k) denote the conductor of k. If k is
imaginary, let A~ (k) denote the relative class number of kX and C—(k) the
kernel of the norm map C(k) — C(k*). We then call C~ (k) the relative class
group of k. Note here that since the norm map C(k) — C(k*) is surjective
by class field theory, the condition A(k*) = 1 is equivalent to the condition
C(k) = C~(k) and the relative class number A~ (k) equals the order of the
relative class group C~(k); A~ (k) = |C~(k)|. As usual, Z will denote the ring
of (rational) integers and N the set of positive integers. The additive group of
Z will be denoted by the same letter Z. We mean by a cyclic field an abelian
field whose Galois group over Q is cyclic. For each odd prime / and each
n € N dividing / — 1, let K, , denote the subfield of K; with degree n, so
that K; , is a cyclic field. In addition, let K¢y 4 denote the unique imaginary
cyclic field of degree 4 with conductor 60:

Koo, 4 = Q((¢s — £5HV3).
Put

Les, 12 =Q(({s — {5 = {3 = 47)s Lgs 12 =Q((L13 = {5)VS).

These are the distinct imaginary cyclic fields of degree 12 with conductor 65
other than K;sK;3 3. Let K¢z 3, K¢s 4, and Kog g denote the imaginary cyclic
fields such that f(Kes 3) = f(Kes,a) = 68, f(Kos,3) = 96, [Kes,5:Q] =
[Kos,3:Q] = 8,and [Kes,4:Q] = 4:

Kes,s = Q{17 — L) (¢H = ¢HV-T1),

K68,4=Q<\/—17—4\/ﬁ’ ,

Kos,3 = Q(({32 + (3 V=3).

Here, for each z € C other than any non-negative real number, we understand
that \/z denotes the square root of z in C whose imaginary part is positive.

Let us write # for the family of imaginary abelian fields k& with f(k) <
100. It is well known that the relative class numbers of all fields in # are
calculated by Hasse [4]. We add in passing that |#| = 369. Now, once the
structure of the abelian group C~(K;sK{;) = C(KsK{;) is determined, various
results on abelian fields in [1, 2, 3, 4, 5,6, 7, 8,9, 10, 11, 12, 15] help us to
determine the structure, as abelian groups, of the relative class groups of all
fields in # .

II. The relative class group of an imaginary abelian field in # is not cyclic if
and only if the imaginary abelian field coincides with one of the following 34
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fields:
K, Kai, Keo,4, Kes, KsK};, KsKi3 3, Ki3(V5), Les 12, Lis 1,
Kss, s, K68 4, K97, KKY, KIKyy, K3 (vV-21), Q(v-21), Kgy,
K3(V-3), K, 7(V-3), Ki,1(V-87), Ko, K;K};, K7Ky3 4,
K;(V13), K;Kls, KiKi3,4, KiKy3 3(V=91), Ki(V=91), Ko,
K$,(V=3), Kos,s(V-1), Kos,5(V3), Kos 5, Koo.

The maximal real subfield of each of these fields has class number 1, and
C(Ky) = C(Lgs, 12) = C(Lgs, 12) = C(Kp9,7(V-3)) = C(Kj(V-91))

~(Z/22),
C(Ka) = (Z/11Z)2,

C(Keo,4) = C(KsKy3 3) = C(Ki3(V5)) = C(Keg 5) = C(K68 a)
= C(K5(V-21)) = C(Q(V-21)) = C(K7(V13)) = C(K{Ky3,4)
= (Z/2Z)2 R .

C(Kgs) = (Z/4Z)* ® (Z/2Z)*,  C(KsKfy) = C(KiKy)) = (Z/2Z)*,
C(Kn) = (Z/42)* e (Z/5Z),  C(K:K{)) =(Z/22)* & (Z/5Z),
C(Kg7) = (Z/8Z)° @ (Z/3Z),  C(K3(V-3)) = (Z/42)* ® (Z/32),
C(Ky,7(V-87)) = (Z/22)* ® (Z/3Z),

C(Ko1) = (Z/4Z)* & (Z/7Z) ® (Z/13Z) ® (Z/37Z),

C(K/Kh) = (Z/2Z)* & (Z/1Z) & (Z/13Z),  C(K:Ky3,4) = (Z/4Z)?,
C(K3Kp3) = (Z/22)* ® (Z2/372),
C(KiKy3,3(V-91)) = (Z/22)° ® (Z/7Z),

C(Kog) = C(K},(V=3)) = (2/3Z),

C(Kos,5(V—1)) = C(Kos,5(V3)) = C(Kos,5) = (Z/2Z) ® (Z/3Z)*,
C(Koo) = (Z/3Z) ® (Z/31Z).

In the last section of the paper, for any imaginary abelian field k in the
difference set #\{K7;, K73, K73 24, K79, K79, 26, Kg3, Kgy, Ko7, Ko7 32},
we shall see that C(k) is a cyclic group if and only if C~(%) is a cyclic group.

1

We shall prove I in this section. For simplicity, let G be the Galois group
of K*L over Q: G = Gal(K*L/Q). As usual, let Z[G] and Q[G] denote
respectively the group ring of G over Z and the group algebra of G over Q.
We regard Z[G] as a lattice of Q[G]. Let j be the element of G such that,
for each o € K*L, j(a) is the complex conjugate of a. Let & denote the
ideal of Z[G] generated by 1+ j: R = (1+ j)Z[G]. For each subset Y of G,
denote by s(Y) the sum in Z[G] of all elementsof Y: s(Y) =3,y y. Given
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any prime number /, let 7; denote the inertia group of / for the extension

K*L/Q and let
1
5=y AT,
P ;

where A ranges over the Frobenius automorphisms of / for K*L/Q. Note
that
T,=Gal(K*L/L), T, = Gal(K*L/K™).

We define 4 to be the RR-module generated in Q[G] by s(G), s(Tp)(1 —3g),
s(T,)(1 —3p), and (1 —5,)(1 —35,;). It follows that { as well as 2R is a lattice
of the Q-algebra (1+ j)Q[G] (cf. §§1, 2 of [14]), so that RN Y is also a lattice
of (1+ j)Q[G]. On the other hand, j does not belong to 7, but belongs to
T, , and from the assumption we see that G coincides with the decomposition
group of ¢ for K*L/Q and that the degree of g for K*L/Q equals [K+: Q].
Therefore, by Theorem 5.1 of [14], the generalized index (R : ), i.e., the ratio
of the group index [R: R NY] to the group index [t : RN Y] is equal to 2!+ :

[R:R0Y] _ s
[U:RNYU] )

Now, for each abelian field k, let E(k) denote the unit group of k and E*(k)
the group of totally positive elements of k in E(k). Since the unit index of
K*L equals 1 by “Satz 22” of [4], Theorem 4.1 of [14] implies that

[E(K*L):Cir(K*L)] = h(K*L*)278(R: ), where g = 1 or 2.

Furthermore, since Cir"(K*L) = Cir(K*L)NnE*(K*L*), Cir"(K*L) is a sub-
group of E*(K+L*) with index dividing [E(K*L): Cir(K*L)];

[E*(K*L*): Cir"(K*L)] | [E(K*L) : Cir(K*L)].

(R:4U) =

Consequently,
(1) [E*(K*L*):Cir*(K*L)] | h(K*L*)2%.

We next put
Ey = E(K+L+) n NKL+/K+L+(KL+)-

Clearly, E, is a subgroup of E*(K*L*) with index dividing 2(K"L":Ql It
follows from 2t h{(K+L*) that {c € C(KL*)|c? =1} is the set of ambiguous
ideal classes in the Sylow 2-subgroup of C(KL?*) for the quadratic extension
KL*/K*L*. Hence the well-known formula for the number of ambiguous ideal
classes shows us that

21—1+[K"L+ : Q]
 [E(K*L*): Eo]’
indeed, ¢ equals the number of prime ideals of K*L* ramified in KL*. As
just one prime ideal of K*L™* is ramified in K*L by the assumption on ¢,
we similarly obtain

or2(KLY)

: ylK*0) _ 2IK*L* : Q]
[E(K+L*): E(K*L*) N Ng+pjk+ 1+ (K*L)]

and Hasse’s norm theorem and product formula show that
E(K*L*)N Ng+pjk+1+(KTL) = E*(K*LY).
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Thus .
@) oKL _ ora(K*L)+t—1 .
[E*(K+L*) : Ep)
Now, if Cir"(K*L) C Ngp+/k+1+(KL*), ie., Cir"(K*L) C Ey, then (1)
implies by 21 h(K+*L*) that the 2-power [E*(K*L") : Eg] divides 27, so that,
by (2), we have

ry(KL*) > ry(K*L)+t—-6 — 1.
If Cir"(K*L) is not contained in Ngj+/k+r+(KL"), namely, there exists an

element of Cir*(K*L) not contained in Ey, then obviously [E*(K*L*) : Ep] >
2, and hence it follows again from (2) that

r(KL*) < ry(K*L)+1t - 2.
Therefore the assertion I is proved.

2
The main purpose of the present section is to prove that
C(KsKf;) = C~(KsK};) = (Z/2Z2)*.
From Example 4.1 of [12], we know that h(K{};) = 1. This implies by class
field theory that A(K;(V5)) = A(Q(V5, V13)) = 1, since the prime ideal of
Q(v/5) dividing 13 is totally ramified in K{, . Hence, by “Tafel II” of [4],
h(KsKpy) =16,  h(Ki3(V5)) =4, h(Ks(V13)) = h(Ky3,4(V5)) = L.

As [KsK}; : Ks(V13)] = [K13(V5) : Ki3,4(V/5)] = 3, we then see from Theo-
rem 2.14 of [12] that 2, the order of 2 modulo 3, divides both r;(Ks;K{;) and
r,(Ki3(V/5)), so that

(3) rn(KsKh)=2or4, r(K;3(V5) =2

In particular,

C~(Ki3(V5)) = C(Ki3(V5)) = (Z/2Z).

Let D be the subgroup of the multiplicative group of K;3(v/5) generated by
the set
{_1} U {an/kn(l - Cg) | ac N’ ne Na n{a}’

where k, = K;3(v/5)NK, for each n € N. Then we easily see that the subset
of the above,

{(-1}U{Ng,,(1 =C3) |a€eN; n=35, 130r65; (a, n)=1},
already generates D .  Since
Cir(Ky3(V'5)) = DN E(K3(V5))
by definition (cf. §4 of [14]), it follows that Cir(K;3(v/5)) is generated by

{~Ci3, (1+)(1+E57Y)
U{(1 =& (1 - (g |aeN, a<32, (a, 65 =1}

1 -0
U R T
{1—513

a€eN, 25a§6}.
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Furthermore, since (1 —{%)(1—¢}49)(3% and (1—C%)(1—813)~'¢84° are real
for each a € N, Cir(K;3(v/5)) is the direct product of Cir*(K;3(v/3)) and the
cyclic group ({;3). Thus we know that a set of generators for Cir"(K;3(v/5))
consists of —1, (1+C5)(1+CS") = ((14+/5)/2)?, and the 17 units ¢, ..., &7
of K};(v/5) defined by

er=(1-Les)(1 - GTy, &= (1= L)1 - LTS

e3=(1-s5)(1 =P, ea=(1-0&) (1=,
es=(1-¢8)(1 =8¢ty 86=(1—¢z5)(1—c6 Dler
e7=(1-¢&)(1 - 56518)&3, e = (1= (1 =3,
g =(1-0H1-INE, eo=1-0901- ),
en=(1-8H01-¢3 )CE;(’, ez = (1= (1 -3,

1- l
€13 = 7= ?3513, &4 = g 3C13 , €15 = ?3513,

1-(3, l 4
€16 = 1—C:§C’3 s €17 = I—C:;Cﬁ'

Let fi, ..., fi2 be the elements of Gal(Kgs/Q) such that

NGes) =Ces,  frles) =35,  f3(les) =85, fales) = (s,
Ss(les) =848, folles) = L4, filles) =Ce8,  fa(les) = L2,
f9(C65) = Ces ’ flO(C65) = C65 ’ fll(C65) = Css » f12(€65) = ng
It then follows that Gal(K};(v/5)/Q) consists of the restrictions of all f;, 1 <
a<12,on K+3(\/_ ). Let F, denote as usual the field whose additive group is

Z/2Z. Putting
0=22, 1={1+2n|neZ},

let M be the matrix over F, of (12, 18)-type such that every component of the
18-th column of M equals 1 and, foreach a, b€ N with a< 12 and b< 17,
the (a, b)-component of M equals 0 or 1 according as f;(g;) is positive or
negative. Foreach a, b € N with ¢ <18, b <18 and a # b, let R, ; denote
the square matrix over F, of degree 18 such that the diagonal components and
the (a, b)-component of R, , equal I and the other components of R, ,
equal 0. Let

Ri1 = Ry1,2R11,4R11,6R11,9R 1, 13R11,15R11,17R11 185

Rs = Rs 1Rs 2Rs gRs 10Rs 13,

Ri2 = R12,4R12,6R12,7R12,13R12,14R12,17,

R3 =R3,1R3 ¢R3 7R3 9R3 15R3,16R3,17R3 18,

R0 = Ryo,1R10,4R10,15R10,18»

Ry =Rg 2R9 4Ry ¢R9 7R9 8R9 13R9 14R9 15R9 16,

Rs = Rg,1Rg 2R3,7Rs 16,

R7=R7 32R7 6R7,14R7,15R7,16R7,17R7 18,

R; = Ry 13Ry 13,

Ro = R;1RsR12R3R10R9RgR7R14,13R17,15R2 Ry 15.
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Then
(0 0 0000DO0DODODODTOODOOOD O 0\
00001 0DO0DODODODODODODOOOOO O
000O0O0O0O0OOOOTTOOODOTOP O
001 00O0OODOOOOOOOODODTO OGO
001 000O0O0DOTTOODOOOTGOTP O
MRo = 00001 0OOODTOODTI OOOOOTPO
10 0001 0O0TOOOTIOOGOOTO OTGO]|"
001 0O101101T1O0O0O0O0O0O0CTDO
00T 0O0O0ODT1O0OTTITOTITOTOOTO
001 00O0OOTOOOOOOOODTTO
00 00T OODITTTITTI1TOOTOOTODO
\0 000001 100010T0G00 0/
and, for any x;, ..., Xx;3 € F;, the first, second, 4th, 6th, 13th, 15th, 16th,
and 18th components of the row vector (x;, ..., X15)Ro are x; + xs + xg +

X9 + X100+ X115, X2+ X3+ X5+ X7+ X171 + X12, X3+ X4+ X5+ X9+ X0+ X12,
X3+Xs+Xe+X7+Xg+X9, X2+Xg+X13+X14, Xa+X11+X15+X17, X7+X12+ X165
and x; + X3 + X3 + X10 + X13 , respectively. We therefore see that Cir*(K;3(v/5))
is generated by

{n* | n € Cir* (K13(V5))}
U {€1&56889€10€11, €2€3E567E11€12, €3E4E589€10812 5
£365E6E7E889 , €268E13E14, E€4€11€15617, €7€12€16, —E€2E3E8€10}-
Let = {3+ (53 and B={s+{;'. Then
ab=1-3a-6a%+4a> + 50* - o°, =2 (modV5),
and {1, a, o, o3, o*, o°, B, aB, B, 3B, o*B, o’B} is a basis of
the additive group of algebraic integers in K. (\/_ On the other hand,
S1(e1esege9€10811) = f12(€384€5€9€10812) = f5(€38586€78889) = €2€3E5E7€11€12,
F=fi=1, foh=1, fifa=Ll

Using these facts, we have

2838587811812 = (@® +a* + a5)2 (mod V/5),
£18s€s6o8 10811 = (f1(0® +a* +0°))*  (mod V5),
3648569810612 = (@ +o* +a®))2  (mod V5),
£3€586E7€589 = (fa(a® + o + 0°))? (mod V/5),

( (

(

(

263613614 = (1 + 2a° + 4a* + 30°)? (mod V/5),
mod V5),
mod V/5),

—&3638g€10 = 1 (mod \/3).

€4€11€15€17 = (1 + 20 + o® + 3015)2

€1€12616 = (4+a+ 012)2

Since the conductor of KK}, over K. 3(\/3) is the product of all infinite primes
of Kf3(\/§) and the principal ideal (v/5), the Hasse norm theorem implies for
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any n € E*(K},(V5)) that if n = ¢? (mod v/5) with some algebraic integer ¢
in Kj3(V5), then # lies in Ny . x: 35 (KsKi;). Thus we have

Cil'* (KIS(‘/g)) c NKSKB/KTJ(\/E) (KSKB)-

Furthermore, h(K{;(V/5)) = 1 as already mentioned, just three distinct prime
ideals of K{;(v/5) divide 5, KI = Q(V/5) is a quadratic field, and 13 is not
decomposed in K¢s = KsK;3. It therefore follows from I that

r(KsKf;) > ra(Ki3(V3) + 1,

so that (3) shows that ry(KsK{;) = 4. This now means, by h(K:K{;) = 16,
that
C~(KsK};) = C(KsKfy) = (Z/2Z)*.

Note next that, since h(Kg;) = A(K5(V5)) = H(Q(V5, V13)) =1, we easily
have h(K*) =1 for every imaginary abelian field K with f(K) = 65. For in-
stance, we have h(K;3 3(v/5)) = 1 by the fact that the prime ideal of K3 3(V/5)
dividing 13 is ramified in the quadratic extension K}‘3(\/§) over Kj3 3(v/5). We
further know from “Tafel II” of [4] that the imaginary abelian fields with con-
ductor 65, different from KsK{;, K,3(vV5), Kes, KsKi3,3, Les 12, Lis 5,
have square-free relative class numbers and that

h™(Kes) =28, h™(KsKi3,3) =22, h (Les,12) =2, A (Lgs ip) =2
It is shown in [5] that
C(Kes) = C (Kgs) = (Z/4Z)* & (Z/2Z)*.
By h(Ks) =1 and [KsK3 3:Ks] =3, Theorem 2.14 of [12] implies
C™(KsK3,3) = C(KsKy3,3) = (Z/2Z)*.
This fact follows also from C(KsK};) = (Z/2Z)*. Now let

w=-C3+{FEH+E) -1,

so that
wekK;; 3, w3 +2wr - 3w-5=0.

Let o be a generator of the cyclic group Gal(K,;; 3/Q). As the prime 5
is completely decomposed in K3 3, the principal ideals (w), (w%), (w"z)
are the three distinct prime ideals dividing 5. By w + 1 € E(K;3,3) and
® = (@ + 1)7% (mod 4), the prime ideals of K;3 ; dividing 2 are unramified
in K3 3(vV@, vw?). On the other hand, Lgs ;> is a quartic extension over
K)3,3 in which (w) and (w?®) are fully ramified. Hence Lgs, 12(vV@, Vo) is
unramified over Lgs 2. We also see from the relations

We° + W’ + W w = -3, w’w® =5
that each of Vo, Vw®, Vww? is neither totally real nor totally imaginary.

Furthermore, by genus theory, KsK{; is an unramified quadratic extension

over L¢s, 2. Thus K5K]‘3(\/w, vw?) is an unramified abelian extension over
Les, 12, and

Gal(KsKf;(Vw, vVo©)/Les 12) = (Z/22)*.
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Since h~(Les,12) = h(Lgs,12) = 23, class field theory then shows that
C(Les,12) = C(Les, 12) = (Z/2Z)°.

Note that KsK};(vo, vw?) is the Hilbert class field over Lgs 12. Similarly,

we can see that K;3(v/5, V@, V) is the Hilbert class field over Lgs’ 12> @s
well as that
C™(Lgs,12) = C(Lgs, 12) = (Z/2Z)°.

3

Let us prove the assertion II. The discussion in the preceding section guaran-
tees that it now suffices to consider the imaginary abelian fields k in /# with
f(k) # 65. The values of the relative class numbers of all imaginary abelian
fields in #Z are given by “Tafel II” of [4]. In particular, we see that an imaginary
abelian field in /# whose conductor differs from 65 does not have square-free
relative class number if and only if it is one of the following 59 fields:
Ky, K31, K316, Ko, K1, K71 14, Kiz3(V-39), Q(vV-39), K (V-55),
Q(v-55), Kj(vV-1, v-14), Q(V-1, v-14), Kj(V-2, v-14),
Q(V -'23 V _14)3 K;(V - 4)’ Q(V _14)’ K57a KT9(V _3)’ K60,4, K68’
K, (V-1), Ki7,4(V-1), Kes 5, Kes,a, QV-17), K7, KK}, KiKyy,
K7(vV-21), Q(v-21), Kg7, K3(V-3), Ky9,7(V-3), Kzg 7(V-87),
Ko, KiKfy, K/Ki3.4, K7(V13), KiKy3, KiKis3 4, KiK3,3(vV-91),
Ki(V=-91), Kos, K31 6(V=3), Kos, KsKis s, Ks(vV—19), Ko(vV5),
Kis,6(V5), QV5, V=19), K}s(V=95), Kis,3(V=95), Q(V-95), Ko,
K$H,(V=3), Kos,s(vV=1), Kos 5(V3), Ko 5, Koo.
We further know from the results of [1, 11, 12] that, except KJ,, the maximal

real subfield of each of these fields has class number 1. We keep such datum
and the next trivial lemma in mind throughout the rest of the paper.

Lemma (cf. Lemma 7 of [15]). Let F/k be an extension of imaginary abelian
fields and let p be a prime number. Let Sr denote the Sylow p-subgroup of
C—(F), Sy the Sylow p-subgroup of C~(k), I the natural map C(k) — C(F),
and v the norm map C(F) — C(k). Assume that p does not divide [F : k].
Then I induces an injective homomorphism S, — Sg, v induces a surjective
homomorphism Sg — Sy, and Sg = I(S;) x (Kerv N SF).

As stated in [9, 10] and justified in [7], etc.,
C™(Ky) = (Z/22)*, C (K3)=Z/9Z, C™(Kar) = (Z/11Z)?,
C (K7) X (Z/49Z) ® (Z/79241Z).
On the other hand,

h(K;9) = h(KIl) =1 ) h_(K3l ,6) = 99 h_(K7l,l4) = 49,
K3 : K3y 6] = [K71 : K7y 14] = 5.
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It therefore follows that

C(K) = (Z/2Z)%, C(Ka41) = (Z/11Z)%, C (K31,6) =Z/9Z,
C™(Ky1,14) 2 Z/49Z

(cf. the lemma; for the result C(Kjy) = (Z/2Z)3, see also [2, 3]). Now, we
easily have C(Q(v/—39)) & Z/4Z, so that

C(Ky3,3(V-39)) = Z/4Z
by A~ (Ki3,3(vV—39)) = 4 and [K;3,3(vV—39) : Q(v-39)] = 3. Similarly, we
have
C(Q(V-55)) = C™ (K}, (V-55)) = Z/4Z,
C(Q(v-14)) = C~ (K7 (V—-14)) = Z/4Z.
It further follows for either a € {1, 2} that

C™ (K7 (V-a, V-14)) = C~(Q(V-a, V-14)) = C(Q(V~-a, V-14))
:Z/4Z,

since h~(Q(v—a, V-14)) = h~(Ki(vV-a, vV-14)) = 4, Ki(V=a, V-14) is
a cubic extension over Q(v/—a, v—14), and the prime ideal of Q(v/—14) di-
viding 2 is ramified in Q(v/—a, v—14).

Note next that 4(K9,3) = 1 and that A~ (K{{(vV=3))(= h(K};(vV-3))) = 9.
Let T = Gal(Kj,(vV—3)/Ki9,3(vV=3)) and let y be a non-tr1v1a1 element of T.
Since T acts on C(Kj,(v/—3)) in the obvious manner, we regard the 3-group
C(K}y(V=3)) as a module over the group ring Z[I']. It then follows from
IT| = 3 that any Z[I'}-submodule of C(K},(v/—3)) other than {1} contains
a non-trivial element fixed by I'. Hence, by h(K},(v=3)) = 9, the order
|C(K{y(v=3))!"7| equals 3 or 1, so that

4) C(K(V=3)"="" = {1}.

Let 1 be the natural map from C(Kj9 3(v-3)) = C~ (K9 3(v/-3)) to
C(K{y(v=3)) and N the norm map from C(K{o(v-3)) to C(Kig 3(v=3)).
As the prime ideals of Kjo 3(v/—3) dividing 19 are ramified in K{,(v-3),
Proposition 1 of [8] implies that : is injective and class field theory shows that
N is surjective. However, by (4),

I(N(c)) = "7+ = 301" = 3 for any ¢ € C(K}y(V—3
Therefore we find from A(K;9 3(v—3)) = 3 that
(3) C™(Kjy(V-3)) = C(Kjy(V-3)) = Z/9Z.

Since Ks; is a quadratic extension over K, (\/ 3) with (relative) class number
9, we then have v

C(Ks7) = C™(Ks7) 2 Z/9Z,
which is a result of [15] (for a general argument, cf. Lemma 4 or 6 of [15]).
Note that one conversely obtains (5) from this result without difficulty. It is
also easy to see that '

C™(Keo,4) = C(Keo,4) = (Z/2Z)*.
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In fact, A~ (K¢op,4) =4, Ks(vV—1, v—3) is the genus field of Ko 4, and
Gal(Ks(V—=1, v=3)/Keo,4) = (Z/2Z).

Let H be the Hilbert class field over Q(v—1, v17) so that H is a Galois
extension over Q. By A(Q(v—1, V17)) =2, H is a quartic abelian extension
over Q(V17). As the prime ideals of Q(v=1, v17) dividing 2 are ramified
for Q(v—1, V17)/Q(v17) and unramified in H, H must not be cyclic over
Q(V17), i.e., Gal(H/Q(V17)) = (Z/2Z)?. On the other hand, the composite
HK,7 4 is a quadratic extension over K;; 4(v/—1), since the prime ideals of
Q(vV=T1, V17) dividing 17 are ramified in HK,7 4. Now, Kz 4 is a quadratic
extension over Q(v17) and, by genus theory, K7 4(v/—1) is an unramified
quadratic extension over Kgg 4. We then see from HK,;7 4 = HKeg 4 that
HK,7 4 is an unramified quartic abelian extension over Kgg 4. However,

Gal(HK,7,4/Kes,4) = Gal(H/H N Kes,4) C Gal(H/Q(/T7)) = (Z/2Z)".
Thus Gal(HK;7,4/Kes,4) = (Z/2Z)?. Since h~(Kes 4) = 4, it follows that
C™(Kes,a) = C(Kes,4) = (Z/2Z)".
We can similarly obtain, by 42~ (Kes, 3) = 4,
C™(Kes,s) = C(Kes,8) = (Z/2Z)?,

starting with the fact that HK,7 4 is an abelian quartic extension over K;7 4.

Note that H = Q(vV17, V1+4V/—1), so that Kg 4(v/1+4v/—1) and

Kes,s3(v/' 1 +4v/—1) are the Hilbert class fields over K¢g,4 and Kgg s, respec-
tively. It is easy to see that C(Q(v/—17)) & Z/4Z. In virtue of the well-known
result

C(Kes) = C™ (Keg) = Z/8Z
(cf. [3]), we still easily see that
C(Ki7,4(V=1)) = C~(K;7,4(vV=1)) = C~(K;7,3(V-1))
= C(Ky7,8(V-1)) = Z/8Z,
because 4~ (K7, 3(v—1)) = A~ (K;7,4(v=1)) = 8 and the prime ideals of

K,7,4(vV—1) dividing 17 are totally ramified in Keg .
As already shown in [6],

C(K77) = C~(K77) = (Z/4Z)* & (Z/52).
Furthermore,
C~(K:K{)) = C(K:K})) 2 (Z/2Z)* & (Z/5Z);

in fact, h~(K;K{,) = 2%.5, h(K;) = 1, and so Theorem 2.14 of [12] implies that
r,(K;K},) is divisible by 4, the order of 2 modulo 5 = [K;K{, : K;]. We can
also see that A~ (K¥K;) = 24, h(K3(V-11)) =1, [KIK,, : KI(V-11)] =5,
and hence 4| r,(K7K;,). Therefore

C~(KiKy)) = C(KiKy)) = (Z/2Z)".
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Since
C(Q(V=-21))=(Z/2Z)*, h™(Kj(V-21))=4,
K7 (v=21): Q(v-21)] =3,
we obtain

C (K3 (V=21)) = C~(K§ (V=20)) = (Z/2Z)%.
It is shown in [6] that
C(Kg7) = C™(Kg7) = (Z/8Z)’ © (Z/ 3Z)
In addition to this, the norm map C(Kg;) — C(K3j(v/—3)) is surjective since

the prime ideal of KJ,(v-3) dividing 29 is ramlﬁed in K37 . On the other

hand, A(Q(v-3 \/_) =3, [Kiy(v=3): Q(v=3, v29)] = 7, and hence, by
Theorem 2.14 of [12], 3 divides both r (K3 (v-3)) and the 2-rank of the factor

group C(K3o(v=3))/{c? | c € C( K29(\/— ))} . Hence we have
C™(K3p(V=3)) = C(K§y(V-3)) = (Z/4Z)* © (Z/3Z)
by h=(K3y(vV=3)) =25-3. As
h™(Ky,7(V=-3)) =23, h(Q(V-3))=1, [Ky 1(vV-3):Q(W-3)]=7,
we obtain, again from Theorem 2.14 of [12],
C™(Ka9,7(V=3)) = C(Ky9,7(V=3)) = (Z/2Z)*.

Let H' be the Hilbert class field over Kyg 7(v=3). Then H’ is a Galois exten-
sion over K9 7 and, by the above, Gal(H' /Ky 7(v/=3)) & (Z/2Z)3. Let T be
the inertia group for H'/Kj9 7 of the prime ideal of Kyy 7 dividing 3. Clearly,
|T| = 2 and Gal(H'/Kyy ;) is a semidirect product of Gal(H'/Ky 7(v/=3))
by T. The group ring Z[Gal(Ky9 7(v/=3)/Ka9,7)] acts on C(Kyg 7(v/=3)) in
the obvious manner. Since 4(Kyy 7) = 1, we have C(Kyy 7(vV=3))!** = {1},
where 7 is the non-trivial element of Gal(Ky9 7(v/—3)/K29,7). Thus

c"=c'=c foranyce C(Ky, 1(vV-3)).
Therefore, by class field theory, H' is abelian over Ky9 7 so that
Gal(H'/Ka,7) = T x Gal(H' [Kz9,7(V=3)) = (Z/2Z)*.

Furthermore, the prime ideal of Kjy 7(v/—3) dividing 29 is ramified in
Kjg(\/_ ) and, by genus theory, K, (\/_ ) is an unramified quadratic exten-
sion over Kj9 7(v/—87). Hence H’K29 is an unramified abelian extension over
K39,7(v/—87) of degree 2¢. On the other hand, from H'K}, = H'Ky9,7(vV/—87)
it follows that

Gal(H'K3y /Ky, 7(V-87)) = Gal(H'/H' N Kag,7(vV—87)) C Gal(H' /Ky 7).
We therefore have
Gal(H'K3, /Ky 1(V-87)) = (Z/22)*
However, h~(Ky9 7(v/—87)) = 2*-3. Hence
C™(Ky9,7(V—87)) = C(Ka9,7(V-87)) = (Z/2Z)* & (Z/3Z).
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Let 0 =1+3/({7+¢7!), so that
(6) 0OeKk7, 6°+302-180-13=0, 6°=(0+1)2 (mod 4).
Let p be a non-trivial element of Gal(K3/Q). As the prime 13 is decomposed
in K7, the principal ideals (0), (6”), (0”2) are the distinct prime ideals of
K3 dividing 13. These prime ideals are ramified in K (v=91), and K;(v/13)
is the genus field of K¥(v/—-91). Hence, as in the case of Lgs,;2, we can see
from (6) that K;(v/13, v@, V67) is an unramified abelian extension over
K3 (v/-91) whose Galois group over Ki(v/-91) is isomorphic to (Z/2Z)3.
However, h~(K3(v/-91)) = 23. Thus we have
C~ (K7 (V=91)) = C(Kj (V-91)) = (Z/2Z)’.

Since h~(K¥K;3, 3(v-91)) = 23.7 and [K¥K3,3(v-91) : K3 (v/-91)] = 3,
we also have

C(K:K3,3(vV=9T)) = C~(KiKy3 3(V=I9D)) = (Z/2Z)} @ (Z/72).

NOW, h(Q(V _79 \/—1—3)) =1, h_(K7(m)) = 229 [K7(\/ﬁ) : Q(V _7’ m)]
= 3, h(Ki3,4) = 1, i~ (KiKj3,4) = 2%, and [KIK;34:Ki34] = 3. It
therefore follows from Theorem 2.14 of [12] that

C™(K7(V13)) = C(K1(V13)) = (2/2Z)? = C(KiKi3,4) = C~(Ki K3, 4).
Furthermore, 4~ (K;Kf;) =22-7-13, h~(K3K;3) = 2237, and
[K7K{; : K7(V13)] = [KfKi3 : KjKi3,4] = 3.
Hence
C(K:K},) = C(K7Kf) = (Z/2Z)? & (Z/7Z) & (Z/13Z),
C(KKi3) = C~(KTKy3) & (Z/2Z) & (Z/37Z).

It is known (cf. [6]) that

C(Kgy) = C~(Kg)) = (Z/4Z)* & (Z/7Z) & (Z/13Z) & (Z/37Z).
This fact imples

C(K7Ky3,4) = C~(K7K3,4) = (Z/4Z)?
since A~ (K;7K;3,4) = 2* and [Ko; : K;Kj3 4] = 3. As asserted in [15],
C(Ko3) = C~(Ko3) 2 (Z/9Z) @ (Z/5Z) ® (Z/151Z).

Hence
C~(K31,6(V=3)) = Z/9Z

by h=(K31,6(vV=3)) = 3% and [Ko3 : K31 ¢(vV-3)]=5.
We next obtain

C~ (K19 3(V=95)) X Z/8Z, C~(K},(v=95)) & (Z/8Z) & (Z/19Z)
from C(Q(v=05)) ® Z/8Z. Indeed,
h™(K9,3(V-95)) = 8, h~(K{y(V-95)) = 8-19,
[Ki9,3(V=95) : Q(v=95)] = [K{5(V=95) : Ky9,3(V-95)] = 3.
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Since Q(v5, V—19) is the genus field of Q(v/—95), we also obtain from
h=(Q(V5, v—19)) = 4 that

C~(Q(W5, v=19)) = C(Q(V5, V—19)) = Z/4Z.

Furthermore, 4~ (K9 6(V5)) = 4, h~(Ki9(V5)) = 4-19, h~(K5(vV=19)) (=
h(Ks(V=19))) = 4, h-(KsKigg) = 4-13, h~(Kos) = 4-13-19-109,
K9 ¢(V/5) is a cubic extension over Q(v5, v—19), K;o(v/5) is a cubic ex-
tension over K ¢(v/5), the prime ideals of Q(v/5, v/—19) dividing 5 are
ramified in Ks(v/-19), KsK;9 ¢ is a cubic extension over Ks(v/—19), and
Kys is a cubic extension over KsKjg ¢. Thus C~ (K9 6(v5)), C~(Ki9(V5)),

C~(Ks(v-19)) (= C(Ks(v-19))), C (KsKj9,6), and C~(Kyos) are cyclic
groups. It is known that

C(Kos) = C~(Kog) = (Z/3Z)?

(cf. [15]), while A~ (K3,(v=3)) = 3? and h~ (Ko s(vV=1)) = h~ (Ko, s(v3)) =
h~(Kos,3) = 2-32. Hence, noting [Kos : Q] = 23, we easily have

C(K$,(V=-3)) = C™ (K (V=3)) = (Z/32)*,

C(Kgg,8(V—1)) = C™ (Ko, 8(V—1)) = C(Koe,5(V3)) = C~ (Kgs,5(V3))
= C(Kos,8) = C~ (Kos 8) = (Z/2Z) & (Z/3Z)*.
Since it is known that
C(Kgy) = C~ (Kgo) = (Z/3Z) ® (Z/312)’
(cf. [15]), the assertion II is now completely proved.

4

We conclude the paper by verifying the result stated at the end of the intro-
duction. Let k£ be any imaginary abelian field in # . Let % denote the subset
of # defined by

Z ={K7, Kr3, K324, Ks9, K19 26, Kg3, Kgo, Ko7, Ko7 32}

so that #Z \ & is the family of imaginary abelian fields &’ in # for which
either [k':Q] <23 or f(k') is not a prime number > 71. We then have:

III. Under the assumption k € Z \ #, C(k) is cyclic if and only if C~(k) is
cyclic.

Proof. Let
L30,4=Q<\/—10—3\/E), g“:Q( —10-@),
L85,4=Q< —85—6\/5), Lgs_4=Q<\/—85—2\/§),

Lgs, s = Q((¢s — 5817 = ¢ (8l = &7 = (G = G5O = 4D = &),
Lgs 5 = Q((Cs — {587 = L8 = L) + (8 = G588 = LD = &)
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These are distinct imaginary cyclic fields such that

f(Lgo,4) = f(Lgo,4) = 80,
Sf(Lgs,4) = f(Lgs 4) = f(Lgs 3) = f(Lgs g) = 85,
[Lgo,s: Q] =[Lgy 4: Q] =[Lsgs,4: Q] =[Lgs 4 : Q] =4
[Lgs,s: Q] = [Lgs 5: Q] =8
Let
e {Lso A(V=1), Lig o(V-1), Lgo,a(V=5), Ly 4(V-5), }

L80 4, L80 45 L85 8> L85 8> L85 4, L85 4

so that /" C # \ # . Assume now that A~ (k) is square-free and that k lies
in Z \ % . Then the results in [1, 4, 11, 12] imply that A(k) is not square-free
if and only if k lies in .#°, and that

h(Lgo,4(V—1)) = h(Lgo,4(V=5)) = h(Lgo,4) = h(Lgs,5) = h(Lsgs,4) = 4,
h(Lyy 4(V=1)) = h(Ly 4(V=5)) = h(Lig 4) = h(Lis 4) =4-5,
h(Lgs g) = 4-73.

However, for each k' € ./, the genus field of k' is a quartic cyclic extension
over k'. It therefore follows that C(k’) is cyclic for every k' € 4.

On the other hand, if k lies in # \ % and h~(k) is not square-free, then
h(k*)=1,1ie., C(k)=C~(k) (cf. the proof of II). Hence III is proved.

Remark. In virtue of the results of [1, 11, 12], A(k*) equals the genus number
of k* whenever k lies in #\.%# . Theorem 2 of [11] further implies that, even
in the case k € &, h(k*) equals 1, the genus number of k*, if the generalized
Riemann hypothesis for the Dedekind zeta function of k* is assumed to be
true.

Although we omit the details, the results of [13, 17, 18], together with those
of [1, 2, 8, 11, 12, 15, 16], enable us to determine the structure of C(k") or
C— (k") for several imaginary abelian fields k” outside # (cf. [6, 15]).
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